Abstract. Following Quillen 26, 27], we use the methods of algebraic geometry to study the ring E (BG) where E is a suitable complete periodic complex oriented theory and G is a nite group: we describe its variety in terms of the formal group associated to E, and the category of abelian p-subgroups of G. Our results considerably extend those of Hopkins-Kuhn-Ravenel 16], and this enables us to obtain information about the associated homology of BG.
Introduction
The article investigates the interface between equivariant topology and the chromatic approach to stable homotopy theory, by giving a geometric description of the ring E (BG) for a large class of complete periodic complex oriented theories E ( ) and nite groups G. In the introduction we restrict to the archetypal example, which is the complete, 2-periodic version E = E n of the Johnson-Wilson theory E(n) with coe cients E(n) = Z (p) v 1 ; v 2 ; : : : ; v n?1 ; v n ; v ?1 n ] for some prime p and n > 0. More precisely, let W be the Witt ring of F p n , and consider the following graded ring: E = W w 1 ; : : : ; w n?1 ] ] u; u ?1 ]:
The generators w k have degree 0, and u has degree ?2. We take w 0 = p and w n = 1 and w k = 0 for k > n. There is a map BP ? ! E sending v k to u p k ?1 w k . Using this, we de ne a functor from spectra to E -modules by E (X) = E BP BP (X): The BP -module E is Landweber exact, so this functor is a homology theory, which we shall call Morava E-theory.
To obtain a general description of E (BG), we follow the example of Quillen 26, 27] , and concentrate on the geometric properties of the ring E (BG). We use Quillen's descent argument to reduce to the study of E (BA) for abelian p-subgroups A. The abelian case is translated into the theory of formal groups following Hopkins-Kuhn- Ravenel 16 ] (see 17] ). The resulting questions are then studied by extending the theory of level structures 4, 31] . The work of Hopkins-Kuhn-Ravenel also concerns E (BG), but is modelled on classical character theory and therefore only gives signi cant information about the rational theory p ?1 E (BG). By contrast, our results are principally concerned with the ner structure mod p and higher torsion, which is not amenable to study by the methods of 16] . The rational theory of 16] is the study of the highest dimensional pure stratum of the chromatic ltration, whilst our results expose a high degree of rami cation over lower strata. The theory of multiple level structures is the new tool that allows us to understand the higher torsion.
The description of the ring E (BG) allows us to understand the rst author's local cohomology approach to the homology E (BG) 9] from the chromatic point of view, and sets the results of 12, 13] in a wider context. The slogan is that equivariant topology is trivial over pure chromatic strata, and thus the important geometry concerns the way the strata are attached to each other.
Quillen's method involves considering the cohomology E (EG G Z) of the Borel construction for a nite G-complex Z, even if one is only concerned with the special case Z = . Our results apply to all such Z, but it may help the reader if we spend the rest of the introduction summarizing the highlights when Z = . Our results are expressed in geometric language. This is explained precisely in Appendix A below, to which the reader should refer as necessary. The geometric objects corresponding to rings are (a ne) schemes, and the geometric objects corresponding to topological rings are (a ne) formal schemes. Schemes encode all the ring theoretic information, but it is often useful to consider their underlying varieties, which ignore nilpotents and only capture a crude picture of the ring. Many important features, such as the dimension, connected components and irreducible components are visible at the level of varieties.
FollowingMorava's chromatic philosophy we concentrate on the invariant prime ideals I k = (p; w 1 ; : : : ; w k?1 ) of the complete local ring E 0 . Indeed, if we let X = spf(E 0 ) denote its formal scheme, the geometric counterpart of the ltration 0 = I 0 I 1 I 2 I n ; is the ltration X = X 0 X 1 X 2 X n ; where X k = spf(E 0 =I k ) is the formal subscheme de ned by I k . Evidently X k is a formal a ne space of dimension n ? k. One of the themes will be that we can understand phenomena over X by restricting to the subschemes X k , and that they will be especially simple over the pure strata X 0 k = X k n X k?1 . The notational convention that a subscript k denotes restriction to the kth chromatic stratum and that a dash denotes restriction to a pure stratum will remain in force throughout the paper. Now consider the formal scheme X(G) = spf(E 0 (BG)): it is nite over X (Corollary 4.4), and we shall give a description of the primary features of its underlying variety. Let X k (G) denote the restriction of X(G) to the part over X k , and note that this is spf(E 0 (BG)=I k ). On the other hand, we are often interested in the rings (E=I k ) 0 (BG); for example if k = n it is the Morava K-theory K(n) 0 (BG) made 2-periodic. If, as often happens, E 0 (BG) is free over E 0 then E 0 (BG)=I k is actually equal to (E=I k ) 0 (BG); in Appendix E we give a direct proof that in any case their varieties agree.
Next we describe the irreducible components of X k (G), and how they behave over pure strata. In fact (Theorems 3.5 and 3.6) there is a decomposition X k (G) = . One application of these results is to the study of E G (EG) = E BG, in the spirit of 12, 13] . We assume that E is Landweber exact and that E (BG) is free over E and concentrated in even degrees. This is known to be true for a large class of groups. In the cases where E (BG) is known, it is rather complicated, containing many pieces like E =(p 1 ; : : : ; u 1 n?1 ), often in odd degrees. Usually it can be calculated using local cohomology at the augmentation ideal J = ker(E 0 G = E 0 (BG) E 0 ); in fact, if G is a p-group or E admits an equivariant E 1 structure, there is a spectral sequence Our results show that local cohomology is trivial over pure chromatic strata, and hence give a chain complex for calculating the E 2 -term of the local cohomology spectral sequence using only chromatic structure and ? J (Theorem 3.11) . This chain complex encodes the relevant part of the rami cation behaviour of X(G), and deserves further study.
In this paper we study rings such as E 0 BG from a geometric viewpoint. Experience in presenting our results suggests we should provide evidence that the e ort necessary to learn this language is worthwhile. Here is a partial list of applications beyond those presented here.
1. The geometric viewpoint is fundamental to the calculation of E 0 B m in 33, 31] , even though most of the answer can be stated in very classical terms, involving a basis of transfers of monomials in Chern classes. It is shown there that the scheme Sub m (G) of subgroups of G of order p m is a closed subscheme of X( p m ) in a natural way. 2. The previous example is naturally related to the theory of power operations in Morava E-theory. The study of the detailed structure of the algebra of operations involves schemes of chains of isogenies and maps between such schemes, whose bres are related to the multiple level structure schemes Level k (A ; G) studied in the present work. These ideas are developed in work of the second author with Mike Hopkins and Matthew Ando. 3. We can de ne schemes Div + k (G) over X as in 32] , and t them together into a graded -semiring scheme. In the topological situation we have Div + k (G) = spf(E 0 BU(k)). If G is a nite group and R + (G) is the graded -semiring of complex representations of G then one can show that there is a scheme X Chern (G) over X, whose points over a Noetherian O X -algebra S are given by X Chern (G)(S) = f maps R + (G) ? ! Div + (G)(S) of -semirings g:
There is a natural map X(G) ? ! X Chern (G) which is an isomorphism when G is abelian. The scheme X Chern (G) is in some sense the best possible approximation to X(G) using data from representation theory, and can be shown to be very well behaved. 4. The geometric point of view is also important in the second author's work with Matthew Ando and Mike Hopkins on the Witten genus and the theorem of the cube 1] (although somewhat more general foundations in algebraic geometry are required to support it). There it is shown that spf(E 0 BUh6i) is the third symmetric tensor power of the augmentation ideal in the group ring of G , where the tensor power is taken over the group ring. This statement is to be interpreted as meaning that spf(E 0 BUh6i) has an obvious universal mapping property in the category of formal group schemes over X. 5. Let K be a nite simplicial complex, with vertex set V . Let T be the torus Q v2V S 1 and let Z be the space of elements z 2 Q v2V D 2 such that fv j jz v j < 1g is a simplex. Then T acts on Z in a natural way, so we have a scheme X(Z; T). Suitably interpreted, one can show that this is the scheme of elements a 2 Q v2V G such that fv j a v 6 = 0g is a simplex. Now let M be a toric variety, acted on by a torus T 0 . Let K be the simplicial complex corresponding to the fan that de nes M 7] and de ne T and Z as above. One can show that X(Z; T) = X(M; T 0 ), so we have given a description of the equivariant cohomology scheme of a toric variety. One can also describe the nonequivariant scheme X(M) in similar terms. These results can be recovered with some work from those of 3]. 6. Let`be a prime di erent from p, let q be a power of`, and put G = GL m (F q ). Let C be the group of p-power roots of unity in F`, which is non-canonically isomorphic to Z =p 1 . One can de ne a formal group Tor(C; G), which is non-canonically isomorphic to G. The group ? = hqi Z p acts naturally on G and thus on Div + m (Tor(C; G)). A beautiful result of Tanabe 34] can be formulated geometrically as the statement that X(G) is the xed-point scheme Div + m (Tor(C; G)) ? . In fact, Tanabe proves a similar result for many other nite Chevalley groups of characteristic di erent from p. Our methods can be used to study the ner structure of these schemes.
We conclude the introduction with a brief outline of the various sections of the paper. Section 2 introduces the class admissible ring spectra to which are results apply, and expresses the cohomology of abelian groups in terms of formal group theory: this is a convenient modi cation of material in 16]. This equips us to state our main results in Section 3. In Section 4, we give the reduction of the general case to the case of abelian groups, following Quillen's proof of the parallel result in ordinary cohomology. The next three rather intricate sections (5 to 7) form the technical heart of the paper and are purely algebraic: they extend the second author's theory of level structures 31] to deal with higher torsion. In Section 8, we combine the algebraic and topological results to prove all our main results about cohomology. The applications to the calculation of E (BG) are explained in Section 9.
There are ve appendices. Appendix A contains some foundational material about schemes and varieties, and we recommend that readers glance at it rst for precise de nitions of our geometric objects. Appendix B presents a proof of a variant of a theorem of Hopkins-Kuhn-Ravenel that we need for our applications. Appendix C explains the modi cations necessary to extend our results to compact Lie groups: the reduction to the abelian case and the description of irreducible components extend directly, but the splitting theorems would require more work. In Appendix D, we outline an alternative approach to some of our results (under some quite restrictive hypotheses) using a variant of the Evens norm map. Finally, Appendix E gives a direct approach to the comparison between algebraic and topological reduction modulo an ideal.
Admissible cohomology theories
We shall consider a certain class of cohomology theories, and for this class we calculate cohomology of abelian groups in terms of formal group theory. The basic idea is explicit in 16], but our technical framework is more convenient for our purposes, and allows us to give slightly more general results.
In this paper, E (Y ) will always denote the unreduced cohomology of a space Y , and the reduced cohomology of a based space will be indicated by a tilde. The representing spectrum is denoted by E so that for a based space X we haveẼ (X) = X; E] as usual.
Let p > 0 be a prime.
De nition 2.1. Let p CP 1 : C P 1 ? ! C P 1 be the map classifying the p'th tensor power of the canonical line bundle. A p-local commutative ring spectrum E is admissible if (a) E 0 is a complete local Noetherian ring.
(d) p CP 1 induces a nonzero self-map of e E 0 (CP 1 ). The principal example is that Morava E-theory (as de ned in the introduction) is represented by an admissible ring spectrum. One can also modify the de nition slightly by using Z p or the Witt ring of F p in place of the Witt ring of F p n . More seriously, one can kill some of the generators of 0 E to get a new admissible ring spectrum, either using Yagita's exact functor theorem over P(m) (see 35]) or the theory of modules over strictly commutative ring spectra 5, 30] . For suitable versions of elliptic cohomology, the spectrum L K(2) Ell will be a nite product of admissible ring spectra. The version of integral Morava K-theory used by Igor Kriz in 21] is also admissible.
Next we consider the implications of De nition 2.1. It follows from Conditions (b) and (c) that E is concentrated in even degrees, so the Atiyah-Hirzebruch spectral sequence H (C P 1 ; E ) =) E C P 1 collapses. This means that E is complex orientable: we may nd an element x 2 e E C P 1 , (called a complex orientation) so that E C P 1 = E x] ]. Because of Condition (c), we can choose such an x in degree zero, so that E 0 (CP 1 ) = E 0 x] ]. In particular, this is a complete Noetherian local ring. By a similar argument, we see that
For convenience, we shall assume that we have chosen an element x as above once and for all, but as far as possible we shall state our results in a form which is independent of this choice.
We now de ne formal schemes X = spf(E 0 ) and G = spf(E 0 (CP 1 )). Because C P 1 is a commutative H-space, we get a multiplication map
This makes G into a group object in the category of formal schemes over X, or in other words, a formal group over X. The choice of complex orientation x is essentially a choice of a coordinate on G . The basic theory of formal groups from this point of view is developed in 32]. Condition (d) of 2.1 has a natural reformulation in terms of G. As G is an abelian group object, its endomorphisms form an abelian group under addition, so it makes sense to consider
Condition (d) says that p G is not the zero homomorphism. We can of course translate back to the more traditional language: there is a unique formal group law F(s; t) over E 0 = O X such that (x) = F(x 1; 1 x) 2 E 0 (CP 1 C P 1 ) = E 0 x 1; 1 x] ]: In terms of this formal group law, Condition (d) simply says that p] F (x) 6 = 0.
We will often consider the following subgroups of G.
De nition 2.2.
The next two results are well-known. De nition 2.5. For 0 k n, let u k be the coe cient of x p k in p](x). Note that u 0 = p, that u k 2 m for 0 < k < n, and that u n 6 2 m. Write
One can check quite directly that these objects do not depend on the choice of coordinate x. Moreover, I k is also the ideal generated by the coe cients of x i in p](x) for 0 < i < p k . Thus G has strict height k over X k . Convention 3.1. Throughout the body of this paper the following notation is xed.
E is an admissible cohomology theory of height n, G is a nite group, and Z is a nite G-complex.
Because of Condition (c) of De nition 2.1, the ring E G has period two. We focus attention on the ungraded commutative ring E 0 G (Z): the module E 1 G (Z) is zero in many cases, but in any case it is inaccessible to our methods. We shall prove in Corollary 4.4 that it is a nitely generated module over E 0 , and thus a complete semilocal Noetherian ring.
We write X(Z; G) for the formal scheme spf(E 0 G (Z)) represented by E 0 G (Z), or for its underlying scheme spec(E 0 G (Z)), or for its underlying variety. We omit Z from the notation when it is a point, so X(G) means X( ; G) = spf(E 0 (BG)). We also write X for spf(E 0 ), and G for the formal group spf(E 0 (CP 1 )).
We de ne a chromatic ltration of X by closed formal subschemes: X = X 0 X 1 : : : X n : by taking X k = spec(E 0 =I k ), where I k = (p; u 1 ; : : : ; u k?1 ) is the ideal generated by the coe cients of x; x p ; : : : ; x p k?1 in the p-series of E. We also consider X 0 k = X k n X k+1 = spec(u ?1 k E 0 =I k ) = k'th pure stratum of the ltration, which are schemes, but not formal schemes. We adopt the permanent notational convention that a subscript k denotes restriction to the k'th chromatic stratum and that a dash denotes restriction to a pure stratum. Thus X k (Z; G) = X(Z; G) X X k = spf(E 0 G (Z)=I k ) (which is a formal scheme) and G (Z) need not be an isomorphism, but it will induce an isomorphism of varieties. This can be proved by applying Theorem 3.6 to both E and F. There is a much more direct proof using Bockstein spectral sequences in any context where these spectral sequences exist, but one needs either the technology of highly structured ring spectra 5, Chapter V] or the technology of generalized Moore spectra 18] to set them up. We give this argument in Appendix E.
Quillen's idea is to describe X(Z; G) by working up from the X(A), where A is abelian. We know from Proposition 2.9 that in this case we have X(A) = spf(E 0 (BA)) = Hom(A ; G); In the usual way, we pull back to X k to obtain X k (A) = spf(E 0 (BA)=I k ) = Hom k (A ; G); and similarly for Hom 0 k (A ; G).
Next we consider how Hom k (A ; G) might be decomposed into irreducible components. If G were a group in the category of sets (rather than in the category of formal schemes), we could argue as follows:
any map : A ? ! G factors uniquely as the projection to a quotient of A , followed by a monomorphism.
The quotients of A are precisely the groups B where B A. We would thus have a decomposition Hom(A ; G) =`B A Mon(B ; G). As the category of formal schemes is more complicated than the category of sets, this does not quite work out as expected. The right substitute for the notion of a monomorphism A ? ! G turns out to be a level-A structure on G. This concept is essentially due to Drinfel'd 4], and is studied in detail in the present context in 31]. When working over the subscheme X k , one must re ne this notion and use p k -fold level structure instead: this is the most important new ingredient in our analysis. The relevant theory is developed in Section 5, where we prove the following theorem. This will be proved at the end of Section 4. We also show that the last of the above coends, where we have restricted to a pure chromatic stratum, can be greatly simpli ed. Recall from Theorem 3.4 (2) that Level k (A ; G) is empty unless rank p (A) n?k. This will be proved in Section 8. The case k = 0 was also studied in 16] (in the special case of Morava E-theory), and it is natural to ask how our result compares with theirs. Firstly, they obtain a much sharper result, because they use the exactness of the xed-point functor for Q G]-modules, which we have not used because it is irrelevant to the case k > 0, where we work mod p. Secondly, there is a considerable di erence of language. To clarify matters, we o er the following theorem, which is easily compared with the case k = 0 of the previous one. In the case of Morava E-theory, it could be deduced from 16, 3.4.7] (or vice versa) by using the Galois theory of level structures 31, Section 8] to solve part of the problem of taking invariants. However, with the machinery we have available, it is simpler to give a more direct proof, using the methods rather than the results of 16]. In some speci c calculations (for example the elliptic cohomology of GL 3 (F p )) we have found our formulation to be more convenient than that of 16]; in others, the reverse is true. This is proved in Appendix B.
One can deduce from Theorem 3.6 that the underlying variety of X 0 k (Z; G) splits as a disjoint union of pieces indexed by (`A 0 (Z A ))=G where the coproduct runs over abelian subgroups of p-rank n ? k, and that the irreducible components of X k (Z; G) are indexed by the same set. In particular, when Z = the set of pieces correspond to conjugacy classes of abelian subgroups of p-rank n ? k. For some applications, we need to know that the scheme itself splits. Moreover, we would like a splitting that is valid after completing at I k , rather than just reducing modulo I k . In other words, we would like to study the scheme
For this we need some further notation. Let A G be abelian and z an element of 0 (Z A ). The pair (A; z) de nes a point of the nite G-set`A 0 (Z A ). We write N G (A; z) for its stabilizer and A; z] for its orbit, and put W G (A; z) = N G (A; z)=A.
In Section 8 we will prove the following theorem. where the coproduct is indexed by orbits. Moreover, there is a map of schemes
which is an isomorphism on the underlying varieties.
In the case Z = we write b
. Using the material developed in Section 7, we can make this somewhat more explicit when G is abelian. This will also be proved in Section 8. We conjecture that there is a further close connection between the structures important for our analysis and well known objects in topology.
Conjecture 3.10. If E is Landweber exact and E G is free over E and concentrated in even degrees then the map 0 
One application of our results about E (BG) is to the study of E G (EG) = E BG, in the spirit of 12, 13] , and equally to E G (EG Z). We assume here that E is Landweber exact and that E G (Z) is free over E and concentrated in even degrees. This is known to be true for a large class of examples.
In the cases where E (BG) is known, it is rather complicated, containing many pieces like E =(p 1 ; : : : ; u 1 n?1 ), often in odd degrees. Usually it can be calculated using local cohomology at the augmentation ideal J = ker(E 0 G = E 0 (BG) E 0 ); in fact, if G is a p-group or E admits an equivariant E 1 structure, there is a spectral sequence Our description of the variety suggests we should consider the Cousin complex associated to the chromatic ltration of X(G), which has the form
There is a spectral sequence
We will show using our splitting of b X 0 k (G) that this is concentrated on the line t = 0, giving the case Z = of the following calculation.
Theorem 3.11. Assuming that E is Landweber exact and E G (Z) is a free module over E concentrated in even degrees, there is a natural isomorphism
): This will be proved in 9.2. Geometrically, the point is that
and only the component indexed by A = 1 meets V (J), and this lies entirely over V (J) in the sense that
; and the local cohomology of this one factor is concentrated in degree zero.
We should point out that the complex ? J C (E 0 G ) is still highly non-trivial. For example if G is abelian and of rank r then J may be generated as a radical ideal by r elements 8], and so the local cohomology must vanish above degree r. If r < n it is far from obvious that the above complex is exact in degrees greater than r.
4. The proof of Theorem 3.5 In this section, we prove Theorem 3.5. The method is due to Quillen, and also applied by 16] but we adapt some of the ideas to our particular technical context, and we present the argument more wholeheartedly in the language of equivariant topology.
We begin by outlining the argument. Consider the space T of complete ags in a faithful complex representation of G; we show that (a) T has abelian isotropy groups.
is a nitely generated module over E 0 .
Next, we try to extract information from the ltration of Z by G-skeleta, or equivalently from the equivariant Atiyah-Hirzebruch spectral sequence. The conclusion is that E 0 G (Z) has the same variety as the ring H 0 G (Z; E), where H 0 G ( ; E) denotes ordinary cohomology in the sense of Bredon, for the coe cient system E : G=H 7 ! E G (G=H) = E H . We next consider the category A of abelian p-subgroups of G, and the functor
considered by Quillen (he denotes it A G (Z) and writes the end as a limit). We show that this is the same as We will need the following well-known calculation. 
Proof. We use an explicit calculation to replace Quillen's use of faithfully at descent; this avoids a discussion of K unneth isomorphisms. Let S be the set of multi-indices = ( 1 ; : : : ; d ) such that 0 i < i. By applying Proposition 4.2 to the bundle V ? ! EG G (Z V ) ? ! EG G Z, whose associated ag bundle is EG G (Z T), we nd that E G (Z T) is the free module E G fx j 2 Sg. On replacing Z by Z T we nd that E G (Z T T) = E G (Z T)fy j 2 Sg = E G (Z)fx y j ; 2 Sg:
The two projections Z T T Z T induce maps sending x to x and y respectively. It follows immediately that the given diagram is an equalizer. As remarked in 16], this together with Proposition 2.9, immediately gives the necessary niteness.
Corollary 4.4. E G (Z) is a nitely generated module over E (and thus a complete semilocal Noetherian ring).
Remark 4.5. The nite generation does not hold without some completeness hypothesis on E. For example it fails for uncompleted K-theory. We now look at E 0 G (Z) through the eyes of the equivariant Atiyah-Hirzebruch spectral sequence. This is the spectral sequence arising from the ltration of Z by skeleta, and it has E s;t 1 = E s+t G (Z (s) ; Z (s?1) ):
If we let E t denote the coe cient system G=A 7 ! E t G (G=A) = E t (BA), then we have E s;t 2 = H s G (Z; E t ): We need to know this spectral sequence is multiplicative from E 2 onwards: this follows by using the fact that the diagonal map Z ? ! Z Z is skeletal if Z Z is given the product ltration. An alternative is to use the Postnikov ltration of E to obtain a spectral sequence: it is proved in 10, Appendix B] that this agrees with the rst from the E 2 term onwards. We rst show that the kernel of i consists of nilpotents. Indeed, if i(x) = 0 then x has positive ltration, so x d+1 has ltration at least d + 1 and thus is zero. Thus, E 0 G (Z) has the same variety as its image under i, which is precisely E 0;0 1 = E 0;0 d+1 . Next, observe that E 0;0 r+1 is the kernel of a derivation from the ring E 00 r to the module E r+1;?r r , and that everything in sight is a nitely generated module over E 0 (by Corollary 4.4). By Proposition A.7, we see that E 0;0 r+1 has the same variety as E 0;0 r , and the claim follows. We now appeal to an explicit description of H 0 G (Z; E), which is valid when Z has abelian isotropy. Recall that A is the category whose objects are the abelian p-subgroups of G, with morphisms A(A; B) = Map G (G=A; G=B) ' fg 2 G j A g Bg=B: We have two contravariant functors from A to sets, given by A 7 ! 0 (Z A ) and A 7 ! E 0 A = E 0 G (G=A By comparing these two sequences, we see that Z is an isomorphism provided that Z0 , Z1 and Z0\Z1 are isomorphisms. As Z has abelian isotropy groups, it is built from cells of the form B m G=H, with H abelian. By induction on the number of cells, it is enough to check that Z is an isomorphism when Z = S m?1 G=H or Z = B m G=H. This reduces easily to a check that : H 0 G (G=H; E) ? ! E A (G=H) is an isomorphism. The left hand side is just E 0 H , which is the same as the right hand side by Lemma 4.7.
Lemma 4.9. For any Z and T, the evident diagram
is an equalizer.
Proof. Suppose that A 2 A. Because 0 ((Z T) A ) = 0 (Z A ) 0 (T A ) and so on, it is clear that the
is a coequalizer. By applying Map(?; E 0 A ) we therefore get an equalizer. As equalizers commute with ends, the claim follows. Proof of Theorem 3.5. As previously, we let T denote the space of ags in a faithful complex representation of G. By Lemma 4.1, we know that T has only abelian isotropy groups. It follows that the same is true of Z T and Z T T. Consider the diagram ) is also an isomorphism, so that X(Z; G) = var(E A (Z)). We can rewrite the end that de nes E A (Z) as the inverse limit of a nite diagram of rings that are nitely generated as modules over E 0 . By Proposition A.10, this becomes colimit diagram when we apply var(?). This shows that 
Multiple level structures
This section and the following two form the technical heart of our our work: they introduce algebraic machinery for understanding the the formal scheme Hom k (A; G) and hence also the cohomology of abelian groups in terms of formal groups. When p is inverted the analysis is much easier, and is contained in the work of 16]. Our main concern is therefore with the p and higher torsion. We need tools for studying nite subgroups' of formal groups even when we work over rings which have torsion. To deal with similar problems for elliptic curves, Drinfel'd has introduced the notion of a level structure. Motivated by the need to understand the cohomology of classifying spaces, the second author has adapted this notion to formal groups in 31], and we will assume some familiarity with that paper. Because we must deal with the higher torsion in this paper we must re ne this to the notion of a multiple level structure on a formal group.
For the purposes of the next three sections, we suppose given a formal group G of nite height n and strict height at least k (where 0 k n) over a connected formal scheme X k . We have seen that each admissible cohomology theory gives an example of this, but the theory applies quite generally.
Many questions become simpler if the base scheme X k has good properties. Fortunately, we can often assume this, as we now explain.
De nition 5.1. We shall say that the pair (G; X k ) is of universal type if the sequence of elements (u k ; : : : ; u n?1 ) is regular on O Xk and generates the maximal ideal (and thus X k is a smooth scheme).
For example the topological example arising from Morava E-theory is of universal type. More generally, if k > 0 and (G; X k ) has universal type then O Xk = K u k ; : : : ; u n?1 ] ] for some eld K of characteristic p, and if k = 0 then O X0 = R u 1 ; : : : ; u n?1 ] ] for some discrete valuation ring R whose maximal ideal is generated by p. In either case, O Xk is a unique factorization domain and has many other good properties. We can often assume that X k has universal type, and deduce the general case by base change using the following proposition. We will give this argument in detail in Corollary 5.12, but otherwise leave similar arguments to the reader. Proposition 5.2. Let G be a formal group of height n and strict height at least k over a formal scheme X k .
Then there are pullback diagrams of formal groups
where f is faithfully at and (K; V k ) has universal type. We introduce notation for a group that will occur in many places.
De nition 5.5. We write k = (Q p =Z p ) n?k .
The main result is as follows. is an in nitesimal thickening (and thus a V -isomorphism). We shall prove this theorem at the end of this section, except that we will only obtain an inequality
The reverse inequality will be proved as Corollary 7.4. For the rest of this section, A will be a nite abelian p-group, and B will be a subgroup of A. There is an evident restriction map : A B ; the kernel is the annihilator of B, which we write as B . We can choose a presentation A = ha 0 ; : : : ; a r?1 j p di a i = 0 for all ii:
We shall order the generators so that 0 < d 0 : : : d r?1 . We write i for the element of A that is dual to a i in the evident sense, so that A = h i j p di i = 0i. Given a scheme Y k over X k and a map : A ? ! ?(Y; G ), we write x = x( ( )) and x i = x i = x( ( i )). In the topological application x is the image of the rst Chern class c 1 ( ) in O Yk .
The crudest feature is the following triviality condition. We are nally equipped to prove the main result of the section.
Proof of Theorem 5.6. We proved as Corollary 5.12 that Level k (A ; G) is at over X k , and as Proposition 5.14 that the degree is at most jAj k j Mon(A ; k )j. The proof of the other inequality is postponed to Corollary 7.4. We proved as Proposition 5.11 that Level k (A ; G) is smooth in the universal case. All that is left is to de ne and study the map`B Level k (B ; G) ? ! Hom k (A ; G).
By the usual argument, we may assume that (G; X k ) is of universal type, so that D k is a regular local ring. The Chinese remainder theorem says that 0 is surjective if the ideals p 0 B are pairwise coprime. We therefore consider p B + p C , where B and C are distinct subgroups of A, say C 6 B. There is an element 2 B n C , and since 2 B we nd x 2 p B . On the other hand, there is an integer j such that p j has exact order p modulo C , and we claim that p j ](x ) divides u k mod p C . This will complete the argument since x divides p j ](x ), so that u k = 0 (mod p B + p C ), and hence p 0 B + p 0 C = R 0 k (A) as required. To see that = p j ](x ) divides u k mod p C note that since is a level p k structure, x p k (x ? ) divides p](x). Now note that G is of strict height precisely k, and consider coe cients of x p k : this shows divides u k .
6. The geometric Frobenius map We next discuss an interesting reformulation of the de nition of a multiple level structure, which will be used in Section 7 to give a precise description of Hom 0 k (A ; G) including information about nilpotents. Because G has strict height at least k, we see that p G factors through f G , say p G = q G f G for some map q G : Gh1i ? ! G . The kernel of q G is a subgroup divisor K < Gh1i of degree p n?k in the sense of 31]. In terms of the coordinate, we have p](x) = h(x p k ) for some power series h over O Xk , and q G is given by We can pull the maps p = p G , q = q G and f = f G back along the map F ek X : X k ? ! X k to obtain maps which we still call f, q and p. These t into an in nite diagram whose top left corner looks like this: Algebraically, this decomposition takes the form of the following lemma, whose proof we leave to the reader. Lemma 6.2. We can factor p](x) as x p k g(x) for some power series g of Weierstrass degree p n ? p k , and let g 0 (x) = x. For i > 0 de ne g i (x) = g( p i?1 ](x)), so that g 1 (x) = g(x) and g i (x) has constant term u k .
We then have We now prove Theorem 7.3 assuming the above propositions. Proof of Theorem 7.3. We may assume that we are in the universal case, as everything in the theorem commutes with base change.
Part (4) (A; B) . We now invert u k everywhere, and denote this as usual by adding a dash. As we are in the universal case, we know that u k acts injectively on free D k -modules.
It is clear from De nition 7.5 that s 0 r 0 is an isomorphism, so Q B E 0 k (A; B) is free of rank d over D 0 k . This means that s 0 t 0 is an epimorphism between free modules of the same rank d over D 0 k ; since the rings are Noetherian, we conclude that it is an isomorphism. As s 0 and t 0 are epimorphisms and s 0 t 0 is an isomorphism, we conclude that s 0 and t 0 are isomorphisms. As s 0 r 0 is an isomorphism, we now see that r 0 is an isomorphism, proving Part Proof of Proposition 7.7. We must prove that deg Y k (A; B)] jAj k j Mon(B ; k )j. For the moment we assume that pB = 0, and we choose a presentation of A as in Lemma 7.12. Write A j = h i j i ji A , and B j = (A j ) ' A j =p. We also write x i = x( ( i )) 2 O Yk(A;B) and y j = x( ( j )), and note that these generate O Yk(A;B) as an algebra over O Xk . We let R i be the subalgebra generated by fx 1 ; : : : ; x i g.
For each 2 B j we choose a lift~ 2 A j , and we write
We now apply condition (II) of De nition 7.1 to the group C = B j , giving a diagram A comparison with Lemma 5.13 shows that this is just jAj k j Mon(B ; k )j, as required.
We now remove the assumption that pB = 0. We can still apply the above argument to see that The zeroth factor is a p kd , and we will show that the other factors are all units in E 0 k (A; B). It will follow that a p kd = 0 in E 0 k (A; B), and since E k (A; B) has no u k -torsion, we conclude that a p kd = 0 in E k (A; B), as required. Suppose then that i > 0. In D k (B), we have a = 0, so g i (a) = g i (0) = u k , and g i (a) becomes a unit in D 0 k (B). We know by construction that ker(E 0 k (A; B) D 0 k (B)) is nilpotent, so g i (a) is a unit in E 0 k (A; B).
We next prove condition (II). Let C be a subgroup of A such that p d C = 0 and ker( ) \ C = pC . Suppose that 2 C n pC , and write a = x( ( )). As before, we have In the previous paragraph we saw that a was a unit in E 0 k (A; B) and thus not a zero-divisor in E k (A; B). It follows by Proposition 5.10 that is a p k -fold level-C structure.
It remains to prove Part (5) . Thus x( ( )) divides the coe cient of x p kd , which is a power of u k , and over W k , x( ( )) = x( ( )). It follows that over V k , the element x( ( )) is not a zero-divisor. The proposition follows, by Proposition 5.9.
8. Pure strata In this section, we apply the algebraic results of Sections 5 to 7 to the topological context. We thus return to the framework of Sections 2 and 4, where we have an admissible ring spectrum E, a nite group G, a nite G-complex Z, and a category A whose objects are the abelian p-subgroups of G. The scheme we work over is X = spf(E 0 ) and the formal group is G = spf E 0 (C P 1 ). 
Thus, to construct a map j 0 : We know by Theorem 5.6 that the maps X 0 k X M A ? ! Hom 0 k (A ; G) are V -isomorphisms, and it follows using Proposition A.13 that f 0 is a V -isomorphism. We also know from Theorem 3.5 that g 0 = 1 X 0 k X g is a V -isomorphism, so g 0 f 0 is a V -isomorphism, as required. Remark 8.2. One way to think about this result is that it guarantees that the intersection of any two irreducible components of X k (Z; G) lies over an in nitesimal thickening of X k+1 . There is another way that one might hope to prove this, at least in the case where E is Morava E-theory. As the components are distinct and have Krull dimension n ? k, the image of the intersection in X will have dimension strictly less than n ? k. Because of the way that the components arise from abelian subgroups, this image will also be invariant under the action of the Morava stabilizer group. It is widely believed that the only prime ideals of E 0 that are invariant under this action are the ideals I k , and that this is a simple consequence of the classi cation of invariant primes in MU . We suspect that the rst of these beliefs is true, but the second seems to be false. We also suspect that the I k are the only invariant radical ideals, or equivalently that they are the only primes that are invariant under an open subgroup of the stabilizer group. If we assume this, we see easily that the reduced part of the image of the intersection of two irreducible components is X j for some j > k. Proof , hence an isomorphism. This implies that t B is an isomorphism, as required.
9. The E-homology of BG. In this section we use our results as input to the calculation of E (BG) by equivariant means. We have been much concerned with the cohomology theory E G (Z) = E (EG G Z), and now we consider the calculation of E G (EG Z) = E (EG G Z) for nite G-complexes Z, particularly if Z = when we obtain E G (EG) = E (BG). We remind the reader that E G (Z) is usually not the homology of the Borel construction unless Z is free.
For this section we assume that (1) E is Landweber exact, and (2) E G (Z) is a free module over E , concentrated in even degrees. Condition (2) is known to hold for Z = for a large class of groups.
Let J be the augmentation ideal of E 0 G , so J = ker(E 0 G E 0 ). We will apply Theorem 3.8 to the study of the local cohomology H J (E 0 G (Z)) and the local Tate cohomology b H J (E 0 G (Z)), which is the same as the Cech cohomology H J (E 0 G (Z)) because E 0 G (Z) is complete at J. In good cases, these will be relevant to the calculation of E G (EG Z) = E (EG G Z) and the E-Tate cohomology groups t(E) G (Z) of 10]; indeed, we expect to have spectral sequences E 2 = H J (E G (Z)) =) E G (EG Z) = E (EG G Z) and E 2 = H J (E G (Z)) =) t(E) G (Z): These spectral sequences can be constructed by elementary means if G is a p-group 13, 8] , but for a general nite group we rely on the theory of highly structured ring spectra 11, 8] . The particular way that the algebra is reduced to the ungraded ring E 0 G is discussed in detail in 13]. This approach is a continuation of the progression starting with 12, 13] , although the answer is necessarily less explicit in the higher dimensional cases.
Recall that for a nitely generated ideal J = ( copies of E 0 =I 1 k in degree k 1. This is non-zero for 0 k n. However, the local cohomology vanishes above dimension r if J can be generated as a radical ideal by r elements (for example if G is abelian of rank r); this gives a contradiction. Appendix A. Schemes and varieties In this appendix we set up the technical framework for our use of schemes and varieties. All rings will be assumed to be commutative and p-local.
First, recall that the Jacobson radical J A of a ring A is the intersection of its maximal ideals, and that a ring is said to be semilocal if it has only nitely many maximal ideals. A semilocal ring is said to be complete if it is complete with respect to its Jacobson radical. The complete semilocal Noetherian rings are precisely the nite products of complete local Noetherian rings. We de ne three categories: We de ne a formal scheme to be a functor X : b R ? ! Sets such that X ' spf(A) for some A. If X is a formal scheme, we write O X for the set of natural maps from X to the forgetful functor. These form a ring, and an isomorphism X ' spf(A) gives an isomorphism O X ' A by Yoneda's lemma. Thus, the functors A 7 ! spf(A) and X 7 ! O X give an equivalence between b R op and the category of formal schemes.
We prefer to think about the functor category because many examples arise in topology where the functor is easier to describe than the representing ring. See 31] for some basic theory of formal schemes in this sense, and extensive discussion of some examples. See 32] for more examples and topological motivation, in a rather more general technical framework. We make heavy use of the functorial viewpoint in Sections 5 to 7 of the present work.
We next de ne schemes and varieties.
De nition A.2. If A 2 R, we de ne a functor spec(A): R ? ! Sets by spec(A)(B) = R(A; B): We de ne a scheme to be a functor X : R ? ! Sets such that X ' spec(A) for some A. If X is a scheme, we write O X for the ring of natural maps from X to the forgetful functor. De nition A.3. Let var(A): K ? ! Sets be the restriction of spec(A) to K. We de ne a variety to be a functor X : K ? ! Sets such that X ' var(A) for some A. Thus, every scheme X has an underlying variety; this will often also be called X, but we will write X var where it is necessary to emphasize the distinction.
We say that a map f : X ? ! Y of schemes is a V -isomorphism if the induced map X var ? ! Y var is an isomorphism, and that a map A ? ! B of rings is a V -isomorphism if the induced map spec(A) ? spec(B) is so.
One can check that a V -isomorphism of schemes gives a continuous bijection of prime ideal spaces, which is a homeomorphism if the map is nite.
The notion of V -isomorphism is closely related (see Proposition A.8) to the following more elementary condition. We say that a map u: A ? ! B of F p -algebras is an F-isomorphism if every element of the kernel is nilpotent, and for each b 2 B there is an integer k 0 such that b p k 2 u(A).
We next de ne a number of useful properties of formal schemes and maps between them. The corresponding notions for schemes are directly analogous, and well known. We refer the reader to 25] (for example) for the basic facts about these concepts.
De nition A.4. 1. A formal scheme X is connected if it is not the disjoint union of two nonempty formal schemes, equivalently if O X is not the product of two nonzero rings. 2. A formal scheme X is reduced if O X has no nonzero nilpotents. The reduced part X red of a scheme X is spec(O X = p 0).
Proof. It is not hard to see that C f X is equivalent to the opposite of the category of nite O X -algebras. It thus su ces to construct products, coproducts, equalizers and coequalizers in the category of nite O X -algebras. For products and coequalizers this is easily done. The coproduct of O X -algebras is the tensor product: we need only note that the tensor product of nite O X -algebras is nite. We can now apply the Chinese Remainder Theorem to see that the natural map B=J ? ! Q i B=I i is an isomorphism. This means that there are elements e i 2 B such that e i = 1 (mod I i ) and e i 2 T j6 =i I j , so that e 2 i ? e i lies in the nilpotent ideal J. By the Idempotent Lifting Theorem, we can modify the e i modulo J in a unique way to ensure that e 2 i = e i , and then The domain is evidently a cohomology theory, and the codomain is too, because D(A) is at and the group order is inverted before we take invariants. Thus, if is an isomorphism for Z = G=B whenever B is an abelian subgroup, it is an isomorphism whenever Z has nite abelian isotropy groups. The general case follows since both sides give equalizer diagrams when applied to Z T T Z T ? ! Z. For the domain this is Corollary 4.3. For the codomain, it su ces to show that for each A when we apply E ( ) to the diagram Z A T A T A Z A T A ? ! Z A we obtain an equalizer. Indeed, the subsequent operations preserve equalizers: D(A) is at, localization and products are exact, and passage to G-invariants is exact since the group order is invertible. However T A is the space of A-invariant complete ags in V , and this is a disjoint union of products of the ag spaces of the A-isotypical parts of V . The result therefore again follows from the nonequivariant instance of Corollary 4. We have restricted attention to nite groups in the body of the paper for simplicity of exposition, since we believe the nite case is likely to be of most interest. It is easy to extend our general conclusions to arbitrary compact Lie groups. However, our splitting results do not generalize quite so easily. In the rest of this appendix we discuss the changes that need to be made.
First, Quillen's reduction to the abelian case applies essentially without change. It is only necessary to be cautious about niteness in two ways. Firstly, we must work with rings nite over a given Noetherian ring to ensure good behaviour of limits, and it is no longer true that E 0 (BG) is nite over E 0 . However, just The given proof of Proposition 2.9 shows X(Ã) = Hom(Ã ; G).
Next we consider how Hom k (A ; G) might be decomposed into irreducible components. In general we may choose a splittingÃ = Z r A with A nite, and this gives Hom k (Ã ; G) = G r X Hom k (A ; G); since G is irreducible, the decomposition of Hom k (A ; G) into irreducible components gives a decomposition of Hom k (Ã ; G) into irreducible components. We can do this naturally, by de ning Level k (Ã ; G) to be the pullback of Level k (A ; G); the decomposition is exactly analogous to that in the nite case.
Since any mapÃ ? !B takes identity components to identity component, we still obtain a bijection between components of X k (Z; G) and conjugacy classes of subgroups of maximal dimension in A Z . In particular the irreducible components of X k (G) are in bijection with conjugacy classes of abelian subgroups of maximal dimension with component groups of rank n ? k. This corresponds nicely to Quillen's description of the variety of the cohomology ring H (BG; F p ) as having irreducible components corresponding to conjugacy classes of maximal elementary abelian p-subgroups.
However, to extend our splitting theorems over pure strata requires extra work. For nite groups we could take a product of rings Q k D k (A) and then take G xed points. For compact Lie groups it is natural to replace this product by a sheaf of rings on the topological space of closed subgroups, and consider the space of invariant sections. We intend to return to this elsewhere. Appendix D. The Evens norm map In this section we outline an alternative approach to Theorem 3.6, parallel to that of Evens 6] for the case of ordinary cohomology. This has the advantage that it constructs some useful elements of E 0 G explicitly. However, we need to assume that E has the structure of an H 1 ring spectrum 2]. There are essentially only two admissible theories for which there is a published construction of an H 1 structure (rational cohomology and p-adic K-theory). However, it is widely believed that Morava E-theory admits even an E 1 structure. The key ideas needed to prove this are due to Mike Hopkins and Haynes Miller, but the foundations needed to support them have turned out to be unexpectedly hard to construct. We understand that an account will appear in a paper currently being written by Paul Goerss and Mike Hopkins.
For this appendix we assume that E has an H 1 structure. For simplicity, we also assume that k > 0. The We know that (A) p a lies in the image of f and that it is invertible. The inverse is integral over the image of f (because everything is nite over X 0 k ). After multiplying a monic equation of integral dependence by a suitable power of (A) p a , we nd that (A) ?p a also lies in the image of f, say (A) ?p a = f( (A)). Now suppose that y 2 D k (A) WGA , and choose an elementỹ 2 E 0 A lifting y. One can check that f(g(norm G A (1 + (A)ỹ)) (A)) = y p a : Thus, f is F-surjective in the evident sense. A little more work in this direction recovers Theorem 3.6, at least in the case Z = . For general Z, we can observe that F = F(Z + ; E) is again an H 1 ring spectrum, with F 0 G = E 0 G (Z). Appendix E. Varieties and reduction mod I k . In this appendix we give the elementary argument that E (BG)=I k and (E=I k ) (BG) have isomorphic varieties, assuming that Bockstein spectral sequences with appropriate multiplicative properties exist, and we sketch a construction under certain circumstances. Proposition E.1. For any nite group G there is an F-isomorphism E (BG)=I k ? ! (E=I k ) (BG):
Proof. We shall in fact prove the corresponding result for any space X with K(n) (X) nitely generated over K(n) ; by a result of Ravenel 28] or by 4.4 above, this applies to X = BG. By a Bockstein spectral sequence argument given in 13] or by 4.4 above, since E is complete, E (X) is nitely generated over E for E = E=I k for any k n. We argue by induction on k, supposing that we have constructed an F-isomorphism E (X)=I k ? ! (E=I k ) (X), using the identity if k = 0. Now let E = E=I k and v = u k , and consider the co bre sequence E v ? ! E ? ! E=v; this gives a ring map E (X)=v ? ! (E=v) (X).
Combining this with the F-isomorphism already constructed, we obtain E (X)=I k+1 = (E (X)=I k )=v ? ! fE=I k g (X)=v ? ! fE=(I k + (v))g (X) = fE=I k+1 g (X):
The fact that the rst map is an F-isomorphism is an amusing exercise.
Lemma E.2. If : A ? ! B is an F-isomorphism and a 2 A then : A=a ? ! B= (a) is also an Fisomorphism.
It therefore su ces to deal with the principal case. Lemma E.3. If E (X) is nitely generated over the characteristic p ring E then for any v the map E (X)=v ? ! (E=v) (X) is an F-isomorphism.
Proof. Of course the map is injective by construction, so it su ces to show that there is an integer t such that for any y 2 (E=v) (X) the power y p t is the reduction of some class x 2 E (X). This is a job for the Bockstein spectral sequence arising from the 
X). Since E (X) is
Noetherian it has bounded v-torsion in the sense that there is an integer t so that if v t+1 y = 0 then also v t y = 0. Now by de nition, if d t z = 0 we have z = v t z t for some z t 2 E (X), and since 0 = v z = v t+1 z t it follows that 0 = v t z t = z, and hence z is the reduction of an element of E (X). It thus su ces to show that any p t th power y p t 2 (E=v) (X) is a t-cycle. But the spectral sequence is multiplicative by assumption, and so for any s-cycle z, d s+1 z p = 0, thus y p t is a t-cycle by induction.
If we assume E is an S-algebra in the sense of 5] then the tower can be constructed in the category of highly structured E-modules, since v comes from the coe cients of E. This gives the rst property we required. The second property is that the di erentials are derivations. For this we rst need to know that E=v is an E-algebra up to homotopy, and that the diagram E=v^E E=v E=v commutes. This follows by elementary obstruction theory as in Chapter V of 5] provided E is concentrated in degrees divisible by 4, and I k is generated by a regular sequence (and also under slightly weaker hypotheses). Indeed, E is the E-smash product of the spectra E=u for the elements u in the regular sequence, so it su ces to deal with the case E = E. Here it is easy to be explicit since E=v^E E=v = E=v _ E=v, and the product is the identity on the rst summand and zero on the second. The clockwise composite is zero on the second factor, and E=v ? ! E ? ! E=v on the rst. Consider the anticlockwise contribution from the second factor: the components into each of the factors at the bottom left are 1 and 1, and thus cancel. On the rst factor, one of the terms is zero and the other is E=v ? ! E ? ! E=v, depending on the isomorphisms used.
